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Abstract 

I discuss a correspondence between string theory and the black hole membrane 
paradigm in the context of the D1-D5-P system. By using the Kubo formula, I 
calculate transport coefficients of the effective string model induced by two kinds 
of minimal scalars. Then, I show that these transport coefficients exactly agree 
with the corresponding membrane transport coefficients of a five-dimensional near- 
extremal black hole with three charges. 
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1 Introduction 



In recent decades, much progress has been made on a correspondence between a black 
hole and string theory. In [TII2], the Bekenstein-Hawking entropy of a black hole has been 
derived from a highly excited fundamental string up to a numerical factor. These works 
have been generalized and it has been conjectured that a highly excited fundamental 
string becomes a black hole with the same mass and charges when the string coupling 
is increased and becomes a critical value which is called the correspondence point |3]. 

Although the correct numerical factor of the black hole entropy could not be repro- 
duced from the fundamental string, the Bekenstein-Hawking entropy of a five-dimensional 
extremal black hole with three charges has been found to be exactly equal to the degen- 
eracy of BPS states in a system which is composed of rii Dl-branes wrapped on and 
ris D5-branes wrapped on x M4, where M4 = K3 or [HE]. This system is called 
the D1-D5-P system. In the case of M4 = T^, the microscopic states are effectively de- 
scribed by a single Dl-brane with winding number nin^ which vibrates only inside T^. 
It has been shown that the correct Bekenstein-Hawking entropy of the near extremal five 
dimensional black hole is reproduced by counting the number of states in the effective 
string model O El [Z] • In addition, the Hawking radiation of minimal scalars has been 
correctly explained by the effective string model [H |9l HOl HH [121 1131 El- Although the 
effective string model does not correctly produce fixed scalar emissions of the black hole 
[T5] . it is still useful to discuss a coupling of the black hole with some minimal scalars 
on the string theory side. More appropriate treatment of the D1-D5-P system is given 
by a A/" = (4, 4) superconformal field theory living on a circle [T6] . 

In this paper, I discuss a correspondence between string theory and the black hole 
membrane paradigm in the context of the D1-D5-P system. The membrane paradigm 
states that a distant observer sees a fictitious membrane or fluid with some transport 
coefficients such as viscosities and conductivities on a stretched horizon of a black hole 
[T7t [18] . Recently, we have found that the membrane shear viscosity of a neutral black 
hole agrees with the shear viscosity of highly excited fundamental string states at the 
correspondence point if the central charge c is 6 [19] . This work has been generalized 
and I have shown that except for the bulk viscosity, the membrane transport coefficients 
of an electric NS-NS 2-charged black hole correspond to the transport coefficients of the 
fundamental string states with a Kaluza-Klein momentum and a winding number at the 
correspondence point if c = 6 j20|. From these results, we can guess that in the Dl- 
D5-P system, the membrane paradigm can be correctly explained by the effective string 
model because the central charge of the effective string model is 6. In fact, I show that 
the membrane transport coefficients of the D1-D5-P black hole induced by two kinds of 
minimal scalars are exactly the same as the corresponding transport coefficients of the 
effective string model. 

This paper is organized as follows. In section [2], I review the D1-D5-P black hole 
and calculate the membrane transport coefficients induced by the minimal scalars. In 
section [31 I introduce the effective string model of the D1-D5-P system and calculate the 
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transport coefficients induced by the minimal scalars by using the Kubo formula. Then, 
I find that both the transport coefficients are exactly equal. The final section is devoted 
to the summary and comments. 



2 Membrane transport coefficients 
2.1 D1-D5-P black hole 

Let us consider type IIB string theory compactified on x 5*^ and wrap D5-branes 
on X and rii Dl-branes on S^. We also put ^ left-moving momentum along 
the Dl-branes, where R is the radius of S^. This system becomes a five- dimensional 
extremal black hole with three charges at strong string coupling gg [5]. 

The Einstein metric of the five- dimensional extremal black hole is given by O [16] 

ds^ = -f[r)-^l^de + f{rf'\dr^ + r^d^l), (1) 

where 

/(r) = /i(r)/5(r)/,(r), (2) 

/.(r) = l + 4, (:^ = l,5,p), (3) 



r 



„2 



Cx 1 (4) 

ci = C5 = gsa , Cp = (5) 

Here, V = (27r)'*a'^{; is the volume of T^. The event horizon is located at r = 0. 

To discuss the membrane paradigm, we need a finite radius of the event horizon. The 

generalization to the nonextremal case is given by the following Einstein metric [HI IS] '■ 

ds^ = -h{r)f{r)-^/''df + f{rf'\h{r)-^dr^ + r^d^l), (6) 

where 

Kr) = 1-^1, (7) 

/(r) = /i(r)/5(r)/p(r), (8) 



^2 



/,(r) = l + ^, (x = l,5,p), (9) 



= Tq sinh^ Q!a; , (10) 
and To is the horizon radius. The mass and three charges are 

M = — j-^ (cosh 2ai + cosh 2a^ + cosh 2q;„) , (11) 
2a ^gj 

Q^^rl^^ (12) 

ZCx 
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The extremal limit corresponds to the limit rg — )■ with at least one of — )■ oo, keeping 
R, V and the associated charges fixed. 

This nonextremal black hole can be formally viewed as a system which is composed 
of noninteracting branes, antibranes and left-right moving momentum [6] . The numbers 
of Dl-branes, D5-branes, left-moving momentum and their anticounterparts (Dl-branes, 
D5-branes and right-moving momentum) are 

rix = ^ , nx = • (13) 

X X 

In terms of these numbers, the mass and charges are expressed by 

R vR 1 

M = -{rii + ni) + -(ns + n^) + -{up + Up), (14) 

gs<y gsa R 

Qx = n^- rix- (15) 
The area of the horizon is 

Ah = 27r^rQ cosh ai cosh cosh ap 

= 87rG'5(A/n7+ v^)(aA5 + v^)(v^+ V^)' 0-^) 

where 

- ^^^^ 
is the five- dimensional Newton constant. Thus, the Bekenstein-Hawking entropy is [B] 

Ah 

= = 27r(v/^+ Vm)(AA5 + V^)(v%+ V'^p)- (^8) 
4Cj5 



In this paper, we assume the dilute gas regime [12] . 

ri,r5>ro,rp, (19) 

and the near extremality, 

Up'^ Up. (20) 

The near extremality will be necessary for perturbative string calculations to be valid 
at the strong coupling regime. 

Then, the area of the horizon and the Bekenstein-Hawking entropy become 

Ah = SnG^i^nin^Up + ^uin^fip), (21) 
Sbh = 2-K{yJnin^np + ^Jrnn^fip), (22) 

because ni, ns = 0. 
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2.2 Membrane transport coefficients induced by minimal scalars 

We consider the fluctuations of tlie off-diagonal metric components of and the six- 
dimensional dilaton around the near extremal black hole solution, which are denoted 
by hij = f^^^'^ fl^'^SGij = 6,7,8,9) and (p, respectively. They are called minimal 
scalars. The action for these scalars is given by 



S 



1 



cfxy/—g 



1 ^ 

7 ^Ajd^hij - 



i,j=6 



(23) 



where ^, = 0, 1, 2, 3, 4. 

Let us calculate the membrane transport coefficient of the near extremal black hole 
induced by hij [HI |20l |2T]. It is enough to show it in the case of h^i. Let us set h^j = h. 
By varying the action with respect to h, one finds the following boundary term on the 
horizon surface S: 



6S 



1 



(24) 



where 7^,^ is the induced metric on S. This boundary term is unnecessary for the bulk 
equation of motion to hold on S. To cancel this boundary term, we add the following 
surface term to the action: 



surf 



d'^xy/—'yJhh. 



(25) 



Then, we find 



(26) 



Jh is interpreted as a charge density on the stretched horizon induced by the bulk 
field h. Since the Einstein metric of the black hole solution takes the following form. 



ds"^ = -gu{r)dt^ + grr{r)dr'^ + f'^iry^dUl, 



the membrane charge density becomes 

Jh = 



1 



1 



167rG'5 



-Am 



(27) 



(28) 



In general, fields measured by a free-falling observer must be regular at an event horizon 
[T71 [18] . This is equivalent to the fact that the fields at the event horizon depend only 
on the ingoing null coordinate v defined by 



dv = dt + . ^^dr. 
V 9tt 



(29) 
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Thus, near the horizon, we find 



d.hc^J^dth. (30) 
V 9tt 



Therefore, the membrane charge density becomes 



,h ^ -j^^dth\^ = -—L^U'-d.h, (31) 



where If^ is the velocity vector of an observer at the stretched horizon. 

If we assume that h is isotropic, the total membrane charge induced by h per unit 
time is found to be 

A zj 

= -ij^i^/nin^np + ^Jnin^np)U^df,h, (32) 

where we have used (1^ . Therefore, the membrane transport coefficient induced by h 
ifl 

= ]j{^/nin^np + y/nin^Up). (33) 
Divided by the Bekenstein-Hawking entropy (1221) . we obtain 

In the same way, the membrane transport coefficient induced by (p is 



= y/nin^Up + ^nxn^np, (35) 
OBH 27r 

3 Transport coefficients of D1-D5-P system 
3.1 Effective string model 

The effective string model of the D1-D5-P system is described by a single Dl-brane 
wrapped nxn^ times on . The Dl-brane has ^ left-moving momentum and ^ right- 
moving momentum which are carried by the open strings attached on the Dl-brane. 



"'^ Since the conventional definition of ttie membrane transport coefficient is given by tfie membrane 
cfiarge density ([5T|). tfie conventional membrane transport coefficient is j^^q^- However, we use ([5^ to 
compare the membrane paradigm with the transport coefficient of the effective string model. 
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These open strings are assumed to oscillate only inside T^. This model is valid when 
V ~ R ^ y/a' and the energy scale is much lower than the string scale [T6] . 

The low energy effective dynamics in our interest is given by the following DBI action 

mm. 



s = -z 



cS 



det 7a 



/3, 



(37) 



where Tgfj is the effective tension of the Dl-brane, 0io is the 10- dimensional dilaton and 
7a/3 (a, /? = 0, 1) is the induced metric on the Dl-brane. 

Let us choose the static gauge = t = X°, = a = X^. Expand the action around 
the flat backgrounds and carrying out the Kaluza-Klein reduction of the external fields, 
we find 



S = So + Si + 



So 
Si 



(38) 
(39) 

(40) 



where 



X' 



dX' 



X 



dX' 



dr da 
pij ^ x^xi ^x''X'^, 



and Si is the leading source terms of hy {i ^ j) and 
fields hij and depend only on time t [20], 5*1 becomes 

rp p /•27rRni7i5 

Si = ^ dt da\h,,{t)P'^ - ct>{t)P\]\r=u 



(41) 
(42) 

Assuming that the external 



dt 



where 



/■27r_Rnin5 

Jo 

rp />27r_Rnin5 

Ji'it) = / daP%=t. 

^ Jo 



(43) 

(44) 
(45) 



We note that the mass dimension of JT^"* and J'^ is 1, which is the same as fl32l) . 

From the kinetic term fl39l) . we can quantize X* in the same way as the bosonic string 
theory. Since a is identified with a + 27t Rriin^, the mode expansion of X* becomes 



X*(r,a)=^(47rTeff)-V2^ 



a: 



m 



-ir-a) 



a' 



_j_ ilig Rnin; 

m 



■{r+a) 



(46) 
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where 

K,a^j = 0. (47) 
Inserting the mode expansion into (jH]) and (jlS]), we find 

Jl'it) = + «tn«^„.)e-^**, (48) 

X ^ — ^ 2m . 

The mode expansion shows that each quantum which is labeled by m and i carries 
the momentum ^^^^ . Therefore, the total left-moving momentum and right-moving 
momentum are 



rip _ Nl Up _ Nji 



R Rriin^ ' R Rrtin^ 



(50) 



where Nl and Nr are the excitation levels of the left movers and right movers, respec- 
tively. Thus, we obtain 

Nl = nin^Up, Nr = niu^fip. (51) 

Because of the near extremality (120|) . we find A^^ 3> Nr. 
The Hamiltonian of this system is 

3.2 Transport coefficients of effective string model 

To describe the mixed states of the effective string model, we introduce the following 
density matrix [22] : 

p = qM-PlNl - /3rNr), (53) 

where Z = tr[exp(— /^^^A^^ — (3rNr)] and (3l^r are the conjugate parameters of N^^r, 
respectively. The mean values of the oscillation levels and the entropy are 

iV.^W^g, iV«.(iV«)^g, (54) 
S=-(l.>p) = 2.f,/H^+,/^y (55) 
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where {O) = tr{pO). Since there are four bosonic oscillations and four fermionic oscil- 
lations, the central charges are c = c = 6. Therefore, the entropy becomes 

S = 27c{^nin5np + ^Jriin^fip), (56) 

which exactly agrees with the Bekenstein-Hawking entropy fl22l) [51 E]- The statistical 
description is vahd if j3L,R ^ 1 |20l |22]. Thus, together with the near extremality, we 
need /3l ^ /3r <^ 1 or 1 -C np <^ Up. This gives the microscopic reason of why the 
membrane paradigm does not exist in the extremal black hole. 
Let us define the following function: 

fAB{t-t') = \{:[A{t)Mt')]:), (57) 

where A{t), B{t) are some operators and : : denotes the normal orderingJl A transport 
coefficient is obtained by 

^^,= lim^:^, (58) 

where /ab('^) is the Fourier transformation of /^^(t). This is known as the Kubo formula 
[201123]. 

Let us calculate the transport coefficient of the effective string model induced by 
h = /i67- Using the following formulas, 

(: al^ai :) = ^^J^l _ i ^'' ^^n+nfi, (59) 
\ti\ 

(: al^ai :) = _ ^ S''Sm+n,o, (60) 

we find 



1 xHi'i'^ -^i^{t't') ( \m\ , \m\ \ 

AVi'J V g fining V ' ffl\ 1 1 1 1 

1715)2 ^ Z^"" "'I e/3il-l - 1 ^ e/3«l™l - 1 ) 
, ym'( + --i ^ sin ( -^{t - t') 



m=l 



(61) 



where 5'^^'^'^' = S^^'S^^' + 5"^^' 5^^' . The Fourier transformation of f^i3^i'j'{t) is 



iuit 



h 



^Thc normal ordering must be evaluated after the calculation of the commutator. 
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Therefore, using flMl) and flHT]) . the transport coefficient induced by h is 




which exactly agrees with the membrane transport coefficient fl33|) . 
In the same way, we obtain the transport coefficient induced by (j), 



(63) 



>str 

■4> 



(64) 



which exactly agree with f l35|l . 

4 Summary and comments 

1 have calculated the transport coefficients of the D1-D5-P system induced by two kinds 
of minimal scalars hi^ and by using the effective string model. Then, I have found that 
these transport coefficients exactly agree with the corresponding membrane transport 
coefficients of the D1-D5-P black hole. 

Two comments are in order. First, there are the other kinds of minimal scalars whose 
coupling with the D1-D5-P system can not be found in the effective string model [T6] . 
Also, generically we can not use the effective string model to study the coupling with 
fixed scalars P^ITB] . Since it is known that the correct couplings of the D1-D5-P system 
with these scalars are given by a TV = (4,4) superconformal field theory [16j, we should 
use the superconformal field theory to calculate the remaining transport coefficients 
induced by the scalar fields. 

Finally, the effective string model does not possess the viscosities and conductivities 
because there is no fluctuation of the effective string in the noncompact space and there- 
fore the effective string can not couple to the bulk metric and gauge fields. This seems 
to conflict with the membrane paradigm because there exists the membrane viscosities 
and conductivities in the D1-D5-P black hole. This discrepancy comes from the fact 
that the energy scale at which the effective string model is valid is much smaller than 
the string energy scale. It is known that the Hawking radiation of spin-1 and spin-2 
particles are suppressed at low energy compared to the case of the scalar particles. On 
the string theory side, this situation corresponds to the fact that the effective string does 
not couple to the bulk metric and gauge fields [21]. Thus, to discuss the viscosities and 
conductivities of the D1-D5-P system, we will need to study the string scale physics of 
the D1-D5-P system. 
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